EXISTENCE OF IDENTITIES IN 4A® B

BY
AMITAI REGEV*

ABSTRACT

The following theorem is proved: if A and B are two Pl-algebras over a field F,
then 4 @ p Bis a Pl-algebra.

Introduction

Let F be a field, 4 and B two Pl-algebras (algebras satisfying a polynomial
identity). The problem whether also 4 ®B satisfies a polynomial identity has
been open for some time [1, pp. 228]. Procesi and Small [2] had proved that if
B = F, is the algebra of all square matrices of order n over F, then A® ¢F,~ 4,
is a Pl-algebra.

In this paper it is proved for arbitrary two Pl-algebras 4 and B, that A ® B
is indeed a PI-algebra. For this purpose we go ‘‘back’’ to the free ring F[x] and
the T-ideal Q of identities of a PI-algebra. We define the sequence of co-dimensions
{d,} of Q in F[x]. A careful study of {d,} shows that T-ideals in F[x] are very
large. As an application of the estimation of {d,} we have the theorem which
asserts that the tensor product of two PI-algebras is again PI-algebra.

1. Basic notations and definitions

Let F be a field, {x} an infinite set of non-commutative indeterminates. Denote
the free ring in {x} over F by F[x]. Let {x,}, {y,} S {x} be fixed sequences of
indeterminates. We denote by V (x) = Sp{x,“-ux‘,ulaeS,,} the n! dimensional
vector space, spanned over F by the n! monomials x,, -+ x, ,0€S,, where S, is

the group of permutations of {1,---,n}.

* This paper was written while the author was doing his Ph.D. thesis at the Hebrew Univer-
sity of Jerusalem under the supervision of Professor A. S. Amitsur, to whom the author wishes
to express his warm thanks. )
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Similarly, V,(y) = Sp{y,, * ¥, |0 €S,}.
Let 1 <t £ n. Put:

VOGx) = Sp{xs, - Xy, = XXy, x,,", ceS,},

ie, V@isthe (n — 1)! dimensional subspace of V,, spanned by those permutations
o €S, which starts with o, = ¢. It is obvious that V, = VI"@ V¥@ .. @ ¥,

Now, let 0 < ¢t £ n— 1. We denote by UP(x) = V") @ V¥ D)@ - @
V™(x) the subspace of V,(x), spanned by those monomials x,,-x,, c€S,
where o¢{1,--,t}. We define also UP(x)=(0). UY(y) is defined simi-
larly. It is obvious that V@ UY = U Vthat vV, = U, and that UM (x)
= Sp{%,,%,,|6 €S, and o, # 1}.

It is well-known |1, p. 225] that if A is a PI-algebra over a field F, then A
satisfies a minimal multilinear homogeneous identity

f(xl’“'axd)= Z aa'xdx'“xa'd
6eSa

in which the coefficient of the monomial x, --- x, is 1. We use this remark as a
starting point for our considerations.

Let 3 < d and let f(x,, ", x;) € F[x] be a homogeneous multilinear polynomial
of degree d, in which the coefficient of x,,---x, is 1. We write f(x,, -, x,)
= X1, Xa)-

DeriNITION 1.1, Forany k, 2 < k < d, let us define (by “‘decreasing’’ induction)
a polynomial fi(x,, -+, x;) as follows:

fix1s -+, %) = f(x) has already been defined.
Let 2 <k £d — 1 and assume f;, 4(Xy, ***, X+ 1) has been defined. Then gather
in f,,,(x) all those monomials which start with x; and write:
Jer1(ens s Xpea1) = X0 fulxgs s X 1) + UlX g5 0015 Xgep 1)
where u,(X, -+, X4+ 1) € USP1(X). This relation defines fi(x;, -+, x,).

Note. The proof (by induction) that the coefficient of the monomial x, --- x,
in fy(xq, e+, X, is 1, is trivial.

An ideal Q < F[x] is T-ideal if g(x,,---,x,)€Q and hy,---, h, € F[x] implies
that g(hy, -, h,) €Q [1, pp. 233-235].

DerNiTioN 1.2, Let f,, -+, f; be as in Definition 1.1. For 2 £ k<d we denote
the T-ideal generated by fi(x;,--, %) in F[x] by P®. We also write

PPNV, (x) = PP(x) = PW,
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DerINmmION 1.3. Let 2<k <d, 0<1<n We define P, PPc P®, to be
the sub-vector space of P% spanned by all polynomials

h(xy, -+, %) = af (g4, -, g)b which satisfy:

(1) a,b,g94,"» 9, are monomials in some of the indeterminates x4,--,x, and

910k # 1.
) afi{g1, -+, 9)b is homogeneous multilinear of degree n in x,,---,x,.

(3) None of x,,-+,x, is a left divisor of any of the monomials g,---, g,.
If x is a left divisor of a monomial g, we shall also say that g starts with x
(from the left). So (3) means that:

None of g5, -+, g, starts with any of x,, -+, x,.
If there is no such g, -, g;, we shall write P{ = (0). In fact we prove
LEmMA 1.4. Ifn<k+1, then PY =(0).

ProoF. If afi(gy, -, g)b is a generator of P¥, then by Definition 1.3, (2),
gy, gy start with k different x;5. But, by (3) they cannot start with x, -, x;.
Hence n—I1zkornzk+ 1L

Therefore, if n < | + k, there are no generators and P = (0) Q.E.D.

We note also that it follows from Definition 1.3 (3) that if I <1 then

P, < P
DerNITION 1.5. Let H bea T-idealin F[x] and let 0 < n be an arbitrary integer.
The integer

—di Va(x)
A RN )
will be called ““the co-dimension of order n of H’. {d,} is called ‘‘the sequence of
co-dimensions of H”.

DEerINITION 1.6, Let 01, --,l;,_5 be any integers. Write
d-3
W(lb Yy ld~—3: n) = W(la n) = E Pl(d;u)(x) + Pr(xd)(x)-
n=1
We define a natural number a(l,, -+, l;_3,n) = a(l, n) as follows:

d-3
V,+ X PE;W 4 p@
n=1

v, + W, n)

Wan) = dimj

a(l,n) = dimg

d-3
Z PP+ PO
g=t
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For 1 <t < n we also define:

VO 4+ UY + w(d,n)
U + w(l,n)

a®(1,n) = dim,

ReMark. The correspondence x;—y;, i=1,---,n induces an isomorphism
¢: V() > V(). Since PY is a T-ideal, it follows that

B(P(x)) = PE(y).
Therefore the integers d,, a(l,n) and a®(l,n) are independent of the special
sequences {x,} or {y,} used in the definition.

. : N v, + PP
Note. We are interested with the co-dimension d, = dimp ——.

P

It can be said, roughly, that the integers a(ly,---,l;_3,n) =a(l,n) form a
lexicographically ordered way which enable us to pass from the commutative case
to that of arbitrary identity of degree d. Note that the proof of Lemma 1.4 implies

a(n —2,---,n —2,n) = d,, and similarly,
a(n,-,n,n) =d,

Our ““guide’” in the lexicographic way is
Lemma 1.7. al,n) = X a®(,n).
t=1

PrOOF. We have the following chain of vector spaces:
V,=UQ=UQ+w(ln 20" +Wln) 2 20" + W(l,n) = W(,n).

Hence, by using the fact that US™V = V@@ UL, we get:

e VexWny & UyTV +W(l,n)
a(l,n) = dimg Wi ~t§1 dimg W
" VO L UY +w(l,n) I
— Z dim n n > = 2 ® l,
R B 7 L N LB o 1))

REMARK., Let0< [, <+ l,my Sn Ifn—2 <1, then p%,* = (0). To show
this, note first that v < d — 3, hence 3 £ d — v. Since n — 2 < I, we have:

n<3+n—-2=d-—v+1, which,

by Lemma 1.4 implies P{*.” = (0).
Hence, if n—1<1,, we can replace I, by n—2=h, without changing
PHY = P42 = (0). Thus we introduce the following
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DeriNitioN 1.8, Letly =051, 2 Sl Snand write (15, -+, 1;_3) = 1. We
define the sequence h(l) = (hy, -+, hy-5) as follows: If l;_3 <n -2, put h(}) =1
Ifn—1<1;_5 letvbetheindex (1 £v<d—3)suchthatl,_; <n—-1<1, and
set: hy =1y, hy_y=1,_, hy=-=hj_3=n-2.

Obviously, hy <+ £ h;_;. Moreover we have

ProrosITION 1.9. Letly =021, £+ £l 35 n,and let

h=h(l) = (hy, s hy-3).
Then
a(lla s ld—3> n) = a(hla Tt hd—B’n)'

ProoF. By Definition 1.6 we have to show that
é-3 i d-3 4
I PM= T PUL”
=1 u=1

If I,_y<n—2 then I=h(l). Suppose n—1<1,_; and let I,  <n—-1Z1,.
Then, by Definition 1.7, h, =1, 1 Spu<v—1, h,=n—2,v<pu<d-—3. Hence

'S P _ ZPgﬁ

=1

Motreover, by the preceding remark

d-3 d-3 4
d__ —
I P = 3 PP =)
=y L=y
hence
a—3
2 pUTw =3 Ppw Q.E.D.
u=1

2. Raising commutativity

NoraTiON. Let M(x) = x,, -+ X, € V,(x) be a monomial, and let 0 Sk <n — L.
n — k of the indices o, satisfy ¢, = k + 1, and we denote them by iy, py, -+, -
according to the order of their appearance in M(x). We denote the other x, , with
o, <k, by x;,, according to their places after the x, 5. With this notation we
factorize M(x) into n — k + 1 blocks which-—except the first one—start with

some x,,:
M(x) = (xol en x()"o)(x‘“xll ves xl-l) ves (xusxSI ves xsrs)
where s =n — k, {x,,, -, %, } = {X441, -, X,} and

{xol, ”‘SxO,.o)xlp Tty xl-, 3"y Xgs s xs,.s} = {xlﬁ Tty xk}'
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Note that {04, --+,0,,} might be empty, in which case we shall write x,, -- "Xo, =1
and M(x) =1 (x, %y, - %1 ) (%, % ‘X, ). Note also that some of the ris
might be zero.

If k < n — 2, we correspond to M(x) the sequence of s — 1 = n — k — 1 integers

q(M):
gM) = (ry,r, 3 Fg=1)-

Note. The sequence g(M) “‘measure’ the obstruction to x,,,-**,x, _, to form
a “‘connected’’ product x,, ---x, _, in M(x). Hence we did not include the ends
ro and r, in g(M).

The collection of all such sequences is partially ordered by the lexicographic
order:

(1P 1) <(tg,++,t,—7) if there exist 1 £v < s —1 such that
rl = tl,"‘, rv_1 = tv—l and 7‘v < tv'

THEOREM 2.1. Let 0<k <n—1 and let M(x) eV (x) be a monomial. Then
there exists 6 € F such that M(x)=SN(x) (mod P{?)) where N(x) is a monomial
of the form
(*) N(x)=xn“.xtj(xk+1'“xn)x

where

Tj+1 o xtk’

{11’ ...’Tk} pa— {1’ ey k}.
Proor, If k =n — 1 then M(x) has the (*) form and there is nothing to prove.

Suppose 0 £ k £ n—2. Then the proof is divided into two steps. The first
step, (a), is the reduction of g(M) into (0) = (0,:--,0). The second (b), is the
reordering of X,.q, ", X, into their natural order.

(a) Assume g(M) > (0). We prove:

There exist «€F and a monomial R(x)eV,(x) such that q(R) < q(M) and
M(x)=0o R(x) (mod P{2).

Write as before:

M(x) = (xg, *+* Xo,) (X X, X, ), qM) = (ry,-07- 1)y s=n—k.
Since 0 < g(M), there exists 1 <j <s—1 such that g(M) = (r(,---,r;,0, - ,0),
r; # 0. Let a(x) = (Xo, SRE 7 el C AN T NP )} be the first j blocks in
M(x), and let

Xj—1,5-1

b(x) =x,,,x byas e Xy (6, Xy 0 X, ) e the last s —j — 1 blocks.
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Notice that if j =1, then a(x) = Xo,** xo, - Ifry =0, a(x) = 1. Note also that if
j=s~—1, then b(x) = xg, - Xs, +

We can now write:
M(x) = a(x)(x, x;, - xjrj)x,,jﬂb(x).

Let R(x) = a(x)x,,, (x,%,, =" X;, ) b(x) be the monomial derived from M(x) by
permuting the two blocks g, = x, x;, - "X, and g, =Xx,,,,-

Obviously, g(R) =(ry,*,r;-1,0,7;,0,-:-,0). (If j=s5s—1 then g(R)=(r,
»Ts—2,0)). Hence g(R) < g(M).

Now, f,(u,v) = uv — avu. Therefore we can write:

M(x) — aR(x) = a(e)fo(X, %5+ Xj. s X0 JDX)-

g1 = Uy X5, and g, =x, ,, starts with x,, and x,s_,.

Since p;, pj+1 >k, g; and g, do not start with any of xy, -+, x,, and therefore
M(x) — 2 R(x) = a(x)f»(41,9,) b(x) € P,Z)

We continue this procedure successively on R(x) until we have fcF and a
monomial S(x)eV,(x) such that M(x) = BS(x)(mod P,‘,,z,,)) and ¢(S) =(0).
Therefore

S(x) = Xp o X (Kpy e Xy Koy o0 Xe, Where {7y, e, 13} = {1, -+, k}

and {pla "'5pn—k} = {k +1, ""n}'
(b) Let S(x) be as above and let T(x) = X, X (X,, " Xp, 4 Xp," X, - )X ep0 s
x,, be a monomial derived from S(x) by permuting two neighbouring variables
in the block x,, - x, _.. We shall show that S(x) = & T(x) (mod P{)). The proof

is similar to that of part (a):

Write:
a(x) =] xtl s xtjxpi ces xpv-19
b(x) =x,, b2 SENELED S
Then: S(x) — a * T(x) = a(x)f5(x,., ,,vﬂ)b(x) eP(z)

and S(x)=aT(x) (mod P2)).
We apply this procedure in succession and reorder x,,, -+, x, _, to their natural
order X4, - X,, so that we have y € F such that S(x)=y N(x) (mod P{%)) where

N(x) = xt1 ot x‘tj(xk-l'l e xn)xfj+1 o xrk'

Combining (a) and (b), we conclude that there exists § € F such that M(x)
=& N(x) (mod P{®)) with N(x) as above. Q.E.D.



138 A. REGEV Israel J, Math.,

Let 0<k=<n-1 and let 6 denote the one-to-one linear transformation
induced by the correspondence: y; = Xy, -+, v = X, and yepq = (Xppq - X,)"

0: Vi1 () = V,(x). We can now re-write the preceding theorem in the following
way:

THEOREM 2.2, Let 0k <n—1, then
Vix) = 0V 1) + PEA).
ProoF. Obviously, V,(x) 2 8(V,.,(») + P3(x).
The inverse inclusion follows from Theorem 1.1 and the fact that

N(X) =g X, K1 X)X,y 0 X, €0V 1 () Q.E.D.

3. Recursive estimation for a(/, n)
Let 1 <t < n. We shall use the short notation
(ft) = (xlr ""x‘t’ ""xn) = (xl’ e X1 X 41577 x,,).

Let V,_y(£) = Sp{x,, - Xp,_, | {01, 0p1} = {L,-,t =1, t+1,---n}} denote
the (n — 1)! space spanned by all (n — 1}! multilinear monomials in (£,). Let ¢ be
the isomorphism induced by the correspondence

V12X Y1 D X1 Yy Xt 15 V=1 7 X

Write:

¢(Pl(,:;)—1(y)) = Pl(.kn)—1(f:)’ ¢(P;(pd—) )= Pr(;d—) EAN
It can be shown that P®)_,(%,) is the subspace of V,_(%,), generated by 0 and
by all polynomials af(g,,-'*,g)b Where:
(1) a,b,g,, -, g, are monomial in (%£,) and g,,---, g, # 1.
") aflg., -, 9,)b is homogeneous multilinear in (£,).
(3") None of the g,’s starts with any of the first | x,’s from the sequence

Xps vty Xy to0s Xge

NOTE. these first [ x’;s are xq,+--,x; in case I <t, and Xy, =, X, 1, Xp 415 """ Xp41
ift<1.
Since ¢ is an isomorphism, we can write for 0, £+ £l3Sn—1.

d-3
Vaoi(E) + Z PEIP(R) + P2 (%)
L __u=1

a(l,n — 1) = dimg P

X PUIHE) + PO(%)
n=1
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V9(x) is the subspace spanned by all monomials x,, - X,, = XX, """ X, Where
o, = t. Hence (0,, -, ,) is a permutation of (1,---,f,---, n), therefore

Xgy " Xg., € Vn—' 1(56;‘)' Hence Vfll)(x) = xtVn— 1(')2!)'
For the spaces P*)_, (%) and P, (%,) we have

LemMMAa 3.1. Let 0 £k, n be any integers and let 1 £t < n. Then
@) x P, ¥ (%) < PP(x) and

xP2(%) € P(x)
(if) P2 ,-1(%) = L) + UL ).

Proor. (i) If P_ (%) = (0), there is nothing to prove. Hence assume that
afig1 > g)b € PO_ (%) is a generator. We show that x,af,(g,, -+, g)b € P¥(x).
Clearly x,af (g1, -, 9,)b is homogeneous multilinear in x,, -+, x,. x,a,b,g1, ", g,
are monomials and g,,-, g, # 1. Therefore we have to show that g,,---,g, do
not start with x, -+, x,. It is given that g,,---, g, do not start with the first I x,’s
from (x¢,--,%,---,x,). If I <t, these are x,,--, x,—which was to be proved. If
t £1, these are x4,:+, %, -+, %+ ;. But x, does not appear at all in the g,’s, hence
they do not start with x,,---,x,,, and, in particular, not with x,,---, x,.

The inclusion x,P{¥_, (%) < P#(x) follows by similar arguments.

(ii) Suppose P®, . (%) # (0) and let afi(gy, -, g)b e P®, (%) be one of
the generators. As before, this means that the g;’s are monomials # 1 in
Xq, 05Ky 000, X,,, Which do not start with x,,--+,x,_. Since x, does not appear in
the g,’s, gy,+-*,9; can be considered as monomials in x,,---,x, which do not
start with x,, -, x,.

By Definition 1.1 we have for any non-commutative indeterminates

V'S fir1On s e DY = v1fill2 0 Yer )Y F V155 Ve 1)y

where uy(yq, -+, yys1) € U1E1+)1()’)- Specialize now (yy, -+, Yy11, ¥) = (0,91, **,01:b)

to have the equality

fk+1(xta9gl, ) gk)b = xtafk(gla ""gk)b + uk(xta’ gd15 9k b)

Now, u(¥ys -+, Vs 1) € USD () implies that u,(p,, -+, ¥+ ;) is a sum of monomials
in yy,*, Yes1, none of which starts with y,, hence it starts with some y;, 2 < j.
Therefore u,(x,a,94, -+, g,) is a sum of monomials, each of which starts with one
of the g;’s. Since g4, -, g, # 1 and they do not start with x,, -+, x,, it follows that



140 A. REGEV Israel J. Math.,

none of the monomials of ux,a,g,, ,g,)b starts with any of x,,---,x,. Since
obviously wu(x,a,9,,g)beV,(x) we have that uyx,a,g,, ,g)be UM (x).

To show that f,,,(x.a,94, -, g.)b € P& (x), notice that it is a multilinear
homogeneous polynomial in x4, .-+, x,, that 1, b, x,a,9,,--*,g, are monomials and
that x,a,g4,--+,9; # 1. Hence we have only to show that none of x,a,9;,-,9,
starts with any of x,---,x,.;. This is obvious since we are given that the g,’s
do not start with x,,---,x, and x,a do not start with x,,---,x,_,.

Finally we have:

xzafk(gh '"3gk)b =fk+ l(xzasgls s gi:)b - uk(xtaagb "'agk)b €

e P D) + UP(x)
Q.ED.

In the following Lemmas 3.2, 3.4 and 3.5 we shall constantly use the following
trivial:

REMARK. Let C < B < A be three finite dimensional vector spaces. Then

. A+B . A+ C
- <
dim B < dim C

LemMa 32, Let =051 £ Z1;.3=n and let I,_, £t for some
1v=d—3. Then

a([)(ll’ ) lv’ T ld—Ss n) = a(ll’ M) lv—lst -1, lv+1a Tty ld—aan - 1)

Proor. Since x,V,_,(%) = Vf,')(x), it is obvious that left multiplication by x,
induces isomophorphism of V,_,(%) onto V¥(x). Use this isomorphism to
deduce the following equalities:

a=a(ly, Ly limsn=1)

| CAR DY Pl(d W(£) + PE () + P(d)1(x)

n¥v

I PEE) + P 4(%) + PR24(R)

uFv

1

dimg

VOx) + Z xPE2E) + x PET_ (5 + x P2 (%)
dimg Y - (%)
T xPEPE) + x PET (%) + x PO (%)

uFv

Ii

By Lemma 3.1. we have:

) X x PO (%) < Pff;“)(x) and

u#Ev

xP2(%) s P(")(X)
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(i)

By assumption, I,_; <t — 1, hence:
(iif) PGV PEZS (0 = T PP ().

v—1,1
uFv

t—1.n

xPETh-1(%) € P V(0 + UP().

Therefore:

d-3
x P = T PP+ UPM) < 21 PR+ UY.
u#v =

Now, (i)—(iii) imply that the denominator in (*) is contained in

4-3
Pl(d-u) + P(d) + U(t)
e n n -
n=1
Hence it follows by the preceding remark that
d-3
VO +U® + X P 4 p@
n n n.n n
1

= = a(t)(!b"'aid—éh n).

a 2 dim, -
U0+ L B+ B QED.

p=1

Let t <n— 1. The correspondence
V1%, s Yim1 = X qs Ve = (Xpeq -+ X,) induces a monomorphism ¢&: V(y)

=V, 1(X) of V(y) into V,_(%). Let #: V,_ (%) > V,f')(x) denote the isomor-
phism obtained by left multiplication by x,, and let Y = yof. With this notation

we have
Lemma 3.3.
(1) VP S YV 0N + PO x) + UP(x)
@) Y(PRO) = PR) and Y(PPG)) < PLR).
Proor. (1) Theorem 2.2 asserts that
V(%) = 0(Vi+1(1)) + Py ().
Take n — 1 instead of n, t =k + 1 and ¢ instead of 0, to conclude that
Voo 1(8) = EVA0) + P2y o 1(%),
Multiply both sides by x, and use Lemma 3.1, (ii) to get
V2x) < y(V () + P2 (x) + UP(x).
(2) Assume P¥(y) # (0) and let afi(g;, -, g;)b be one of its generators. We show
that
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Y(afi(gy, 5 90b) = x.La)fi(E(g1), -+, Eg))é(b) € P,(';)(x)

Denote d = &(a), b = &(b), g; = &(g,)). It is obvious that x,df(g,, - -,5,) b € P¥(x)
and g, -, &, # 1. Hence we have to show that none of g, -+, ; starts with any of
X1t X

By assumption, P{(y)#(0), hence 1+ k<t Since 2<k, I<t Hence
& ay s 1) = (oo, ).

Since the g;’s do not start with y,, ---, y;, it follows that the §;’s do not start with
X1, X, Which was to be proved.

. . (k) (k) i i
The inclusion Y(P;"(y)) < P,”(x) is obvious. Q.E.D.

LeMMa 34. Let 0Ll = -=Sl,.3<t=n—1, then
a(')(ll, o liogm) Sa(ly, e, 1o, 0).

Proor. Let = noé be the above monomorphism. By Lemma 3.3 and the
Remark which preceded Lemma 3.2 we have: a = a(l, 1)

d-3

Vi(y») + X PIT(y) + POy

=1

dimg

w

d_
T PETH) + PO)

d-3
y(Vi(») + 531 WP + Y(PP()

d-3

=Zl WP + WPE())

dimj

y(V.(y) + z P (x) + P(x)

g dlmF P = b_
I PIP(x) + PY(x)
u=1

Adding UY(x) to both nominator and denominator and using the above Remark
we have
d-3
(V) + UP) + z P 9(x) + PP(x)
b = dimg = _ .

VO + T PP(x) + P (x)

u=1

Now, [;_; £t —1, hence P,(s)1 PP so that adding P&, (x) + UP(x) to

=lg-3m

the nominator does not change it. Therefore:
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V) + P2(x) + U] + UY + Z P 9(x) + P(x)

= dimF i3 _2_
U2+ E PGP0+ PO
u=1
(by Lemma 3.3, (1))
-3
V) + UP) + L P + POx)
2 dim; =
-3
UPx) + T PEP(x) + PYO(x)
g=1
QED.

= a0y, 14-5,m)
Let Vo =V,_1(xg, X1} = V,_1(%,). Clearly, left multiplication by x,
induces an isomorphism of V,_; onto V™ =x,V,_,(£). By Lemma 3.1, (i),

P, (£,) < P{x) and x,P?; (£,) < P Y Using these remarks we can prove:

LemMa 3.5, Let 0, £ <ly_s €n, then a™(l, -, l_5n)< a(l,,

s ld—3’ n-— 1).
Proor.

d-3
Voer(®) + Z PG + PO(R)
n=1

a(l,n — 1) = dimg P

2 P2 (8 + P2y (%,)

n=
Left multiplication by x, implies

a-3
V(e + 21 Pl 2a(%a) + %, PS2 1 (£,)
e
=dqa

x, P 2D + x, P (%)

a(l,n — 1) = dimg

d-

W

b}
-

n
Use the preceding remarks and the fact that U(") =(0), to obtain that the
denominator of a is contained in UP(x) + TiTIPE P(x) + PYU(x). Hence

d-3
Vi) + UPX) + 2 P9 + PO(x)
n

a(l,n — 1) = dimy — =

d—3
UP(x) + Z PE9(x) + PO(x)
u=

= a®™(l, n) Q.E.D.
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As a corollary to Lemmas 3.2, 3.4 and 3.5 we have the following recursive
estimation for the integers a(l, n):

THEOREM 3.6. Letly=0=l; =Sl 3=n—2.Then

a(ly, -5 li-3,1m)

da—3 1,
é 2 a(lls”':lv~1’t—171v+1""’ld-33n_1)
v=1l t=],.1+1
n-2
+ 2 a(zb"':zd—& t) + 2‘2(11; Tt Zd—35n - 1) (**)
t=lg-3+1

ReMaRK. If [,_, =1, then the summand X%, _ ..a(ly,~l,_, — 1
Ly 1,5 Iy_3,n — 1)is empty and equal zero. In the same way, if I;_, = n — 2, then
2t 41 a(ly, -, 14_5,1) = 0. Note also that each summand in the right side of
the inequality is of the form a(s,, ---,5,_3, k) where0 < s; £ - <5, s £k <n—1.

ProOOF OF THEOREM 3.6. By Lemma 1.6

a(l,n) = 2 a®(l, n)
t=1

d-3 I, n
=X X a%m+ T a%Ln) )
v=1 t=l,-1+1 t=lg-3+1

In the summand E,’;,V_IH a®™(1,n) we can apply Lemma 3.2 for I,_, <t <1, to
get:

Ly

I,
E a(t)(l’n) é 2 a(ll’“"lv—l’t_ 1’ lv+1"“5 ld—s,n - 1)

t=l,-1+1 t=l,-1+1

so that:

L

d-3 [ d-3
T X dms 2 X al,nhopt—Lhg e diosn— 1),
v=1

t=l,-1+1 v=1 t=l,-1+1

Write:

n n—1
T a9 = X a®Un) +a™(,n).

t=lg-3+1 t=lg-3+1

For I, <t<n—1 we apply Lemma 3.4 so that

n—-1 n—1 n—2
T d%Un< X oal,y= X  a(,)+al,n-1).
t=Ig-3+1 t=lg-3+1 t=lg-3+1

Note that since we assume I;,_3 < n — 2, the first summand may be empty, but
the last summand a(l, n — 1) will always appear.
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Finally, we use Lemma 3.5 to obtain a™ (I, n) < a(l,n — 1). It follows therefore
that

n n—2

X a¥,n) Y al,p+2al,n—-1) - (3)
t=lg-3+1 t=lg-3+1
The Theorem now follows from (1), (2) and (3) Q.E.D.

4. Numerical estimation for a(/, n)

Since dim; V', =1, it is obvious that for any integers 0 </, < <l;_;<n
we have a(l,1) £ 1. In particular, a(0,---,0,1) = 1.

In order to be able to get an estimation for the ingers a(l,n) we define by
induction another set of integers A(l,n), for which we shall be able to estimate
(**) of Theorem 3.6.

This is done as follows:

DerFiNiTION 4.1. Let 1 <n and let [, =0=1; < £, 3 <n. Define by
induction on n the integers A(l,,---,1;-3,n) as follows:

D Letn=1andlet 01, £+ £1;_3 1. Define A(ly,---,1;_5,1) =1.

2) Assume that for any t <n —1 and a sequence 0 <s; < -+ Z5,_5 <, the
integers A(sy,-**,S;-3,7) have been defined. Let 0<[; £ <I;_;<n and
define A(l,---,1;-3,n) as follows:

Case I. Let I;_;<n—2. Put

d-3 Ly

2 2 A(lia"':lv—bt_lslv+1;""ld—3’n_1)

v=1 t=l,-1+1

A(ly, e lm3m) =

n—2

+ X Al lyes, ) F 2400, s, n = 1)

t=lg-31+1

and note that each term is given by induction. Note also that some of the summands
a1 AUy, st =1, gon — 1) and Zfvy, 2 Ay, -+, li_3, 1) may equal
Zero.
Case II. Letl;_3=n—1.Let h(l) = (hy, -, h;_3) be the sequence defined in
Definition 1.8. A(hy, -+, hy_3,n) is now defined by case I and we set A(ly, -+, I,_3,n)
= A(hy, 5 hy-3,1).

Estimation for A(l,n) is indeed an estimation for a(l, n) because of
PrOPOSITION 4.2. Let 0L, £+ S 1y_3 £ n then a(l,n) £ A(l, n).

ProoF. By induction on n. If n=1, a(,1) 1= A(,1).
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Assume the proposition is valid for all sequences 0 s, <+ <5, St<n.
If 1,3 < n — 2, use the inductive definition, case I—of A(l, n)—and apply Theorem
3.6 to obtain a(l,n) < A(l, n).

If I,_5 = n—1, use the sequence h(l). By Proposition 1.9, a(h(l),n) = a(l,n)

Since hy-3 £ n — 2, it follows now that a(h(l), n) < A(h(l), n). Hence:
a(l,n) = a(h(l),n) £ A(h(l), m) = A(l, n). Q.E.D.

LemMA 43. Letly=0=21, S-S l;_35n—2, then

d—4

I,
A(l,n) é 3 [ Z Z A(ll,"', lv__l,t - 1, lv+1,"', ld_3,n - 1)

v=1 t=l,-1+1

l, 3+1

+ Y A, ly_gt—1n— 1)] =B - (¥

t=lg_a+1
ProoF. Denote the right side of (*¥) by B, and note that B can also be written

as follows:

d-3 1,
B=3[ p2 2z A(ll,---,t—1,---,1‘,_3,n—1)+A(l1,---,ld_3,n—1)].
v=1 t=l,-1+1
We prove that A(l,n) < B, using the second form of B.
Since l;_; £ n — 2, we can use Case I of Definition 4.1, so that

-3 Iy

2 Z A(ll""’lv—bt_lslv+1a""ld—3’n—'1)

v=1 t=l,~1+1

A(l,n) =

n—2
+ 2 A(ll,"'s ld—-3’t)+2A(l15""ld—3’n_1)=“+ﬁ+2’)"

t=lg-3+1
If I,_; =n — 2, the second summand B is zero: f = X,_,"~2, 1 A(I,{) = 0, so that
A(l,n) = o + 2y < 3(x + y) which was to be proved.
If l,_3<n-—3, the integer y = A(l,n — 1) is also given by Definition 4.1,

Case I—by substituting n — 1 for n. Hence

a-3 L
'y = A(l,n—'l): Z E A(ll,"',t_'1,”',14_3,"—2)
L, v=1 t=l_(+1
+ X A, lms, ) F 240 s, n = 2) =o' 4 B+ 2y
f=lg.3+1

Note that B’ + y" = f. Hence
AlLn)—y = AQn) —Albn—D=a+f+2y—o' —f =2

i

«—a' +2y—9, so that

A, ny=0a — o' + 3y —y' 3o + ). Q.E.D.

{
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n!

In the rest of this section we shall use the binomial coefficients ="
k kli(n — k)!

to estimate A(l,n).
We need the following properties of the binomial coefficients:

. n n n+1
a) It is well known that (k) + (k + 1) —(k + 1)-

b) Let 0<n,! be any integers, then by induction on [ it follows that
;o (ntky (n+l+1 . . n+1
Zk=0( " ) = ( antl ) In particular, since , )@appearsasone of the

summands on the left side, it follows that (n : l) < (nn+—|l- +11) .

- n

¢) If0<k,I,nand k <, then (": k) < (" + l).
d) It is well known that (2: ) <4 forall 0 < n.

LemMa 4.4. Let 1,1, n be a set of non negative integers, then:
1(n+ll> (n+lv_1> (n+lv) (n+lv+1) n+l,)
n 1\ n+1 n /7 ( n
<n+ll) (n+l,_1)<n+l,+l)
+ ces
n n n+1

n+ll+1)m n+l,+1)
n+1 n+1

Proor. Denote the left side of the inequality by g. We prove the lemma by

r

-

v=

IIA

induction on r.
If r =1, then, in fact, we have equality. Assume now the lemma is valid for
r — 1. By using (a) and (b) of the previous remark we have:

s{[Z 00 G
RO T
-{[ 2 ("t (1R o)
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NItEEAW n+l,_2) n+l_,
n n n+1
(n+ll) (n + l,_l)]} (n+l,+1)
+ oo
n n n+1
={ ’iz n+ll)m n+l, n+l_4
vel n n+1 n
4 n+ll)_" n+l,_2) n+l_,+1 n+1+1
n n n+1 n+1

< {(n +1 + 1) (” +h_+ 1)} (n +1 + 1) by induction

n+1 n+1 n+1 Q.E.D.

THEOREM 4.5. Let 0=, £-- <1l;_3 < n, then

n n+l n+l_
A(ll,---,ld_a,wgs( n)( n“)

Proor. By induction on n. If n = 1, then

1+1 1+ 1=
- < 1 1 ves d-3
A(L,1) 1<3=3( 0 ) ( ) )

<n

= 3

Assume that for any set of integers s, -, 553 such that 0 <s; < -+ <545

we have A(Sy,**,54_3,0) = 3n(" ';sl) (" +;a—3) )

We show that under the induction assumption, if 0 S, £ - Sl _;Sn+ 1,
then
n+1+l1) (n+1+ld_3)

< n+1(
Al,n+1)<3 _—

n+1

Case I. Suppose l,_;<(n+1)—2=n—1. Using Lemma 4.3 (with the
substitution of n + 1 for n) and the hypothesis of the induction, we have

A(ll, Sty ld__3,n + 1)

IA

d—4 1, laws+1
3[2 Y A(lly"”t—l"":ld—3>n) + X A(lh"'sld—‘bt—lsn):l

v=1 t=l,~1+1 t=lg_4+1

3.,“[“3:“ 5 (n+ll)m(n+lv_1)(n+t—1)(n+lv+1)
v=1 g=l,;+1 n n n R
(nt s
n

IIA
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+ 3n+1 ld-gl (n+ll)“. n+ld_4 . n+t‘_1)
t=lg-a+1 h n n
< 3"“{"35‘ *Z n-I-t—l) n+ll)m(n+lv_1) (n+lv+1
- v=1 L=t n B n n
(n+lis
n
e () )
=1 n n n
_ gret I (n+l n+lv_1) n+lv) n+lv+1)_“ n+l;;
h vt \ 1 n n+1 n n
arr M1\ n+la—4) "+ld—3+1)
+ 3 ( n ) ( n n+1
< 3"+1 n+ll +1 . n+ld_3 + 1)
= n+1 n+1

by property (b) of the binomial coefficients and by Lemma 4.4.

Case 2. Ifn £ 1,_s,then, according to Definition 4.1, A(L,n + 1) = A(h,n + 1)
where h = h(l) satisfies h, <1, for all 1Sv<d—-3 and h;_3 <n—1. Using
Case I of this theorem and property (c) of the binomial coefficients we have:

Al,n+1) = A(h,n + 1) = A(hy, -+, hy—3,n + 1)

< 3n+1 n+h1+1 . n+hd..3+1)<3,,+1 n+ll+1)“_ n+ld_.3+1

= n+1 n+1 = n+1 n+1
Q.E.D.

THEOREM 4.6. Let d, be the co-dimension of order n of the T-ideal PY
generated by the identity f(xy,-,X5) = fu(Xy,*",Xas). Then, for every n,
d, < (3477

Proor. It was noted (““Note’’ afier Definition 1.5) that d, = a(n,---,n,n).
Using Lemma 4.2, Theorem 4.5 and property (d) of the binomial coefficient we

have:

d, a(n,---,n,n) £ A@n, -, n,n)

37 (n + n) (n + n) _1. (Znn)d_3 < (3443

n n

IIA

Q.E.D.
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TueoreM 4.7. Let A be a Pl-algebra and let {h,} be its sequence of co-

dimensions. Assume that A satisfies a non trivial identity of degree d. Then, for
all n, h, < (3.4°7%).

Proor. Let Q be the T-ideal of identities of 4 in F[x] and let 0 # f(x,, -, x;)
€Q be a non trivial homogeneous multilinear identity for 4. Let P denote the

T-ideal generated by f(x,, -, x,) (Definition 1.1), then it is clear that P¥ < Q.
Let {d,} be the sequence of co-dimensions of P, Then:

. Va . Va
h,, = dlmF Q"{TV = dlmF W = d,,.

Hence h,<d, for all n. Therefore, by Theorem 4.6, h,<d, < (3.4°7%)"
Q.E.D.

5. Applications: existence of identities in 4 ® B

In this section we use Theorem 4.7 to show that the tensor product of two
PI-algebras is again PI-algebra. We begin with two

RemarkS. (i) Let A,B be two Pl-algebras over a field F. The elements
{a;® bi] a,€ A, b, B} are linear generators of A ® ¢ B. Hence, if g(xy, -, x,) is a
multilinear polynomial in x,, -+, X,,, then g(x) is an identity for A ® ;B if and only
if for any sets aq,---,a,€4 and by,--, b,€B, gla; ® by,*-,0,®b,) =0.

(ii) Let Q < F[x] be the T-ideal of identities of a PI-algebra A4, and let {d,}
be its sequence of co-dimensions. If we write Q NV, = Q, then, by Definition
1.4 we have: d, = dimy V,/Q,. Now, the n! monomials {x,,l---x,,“(aeS,,} span
V., hence they generate also V,, modulo Q,. Since the dimension of ¥, modulo Q,
is d,, there exist d, monomials M (xy,---,x,), -, My (xq, -, x,) which form a
basis for V, over Q,. Hence, for any monomial x,, --- x,, €V, there exist ¢,(o) € F,
i=1,-,d, such that:

d.
Xoy 't Xg, = z ¢i(a)Mi(x1a ) xn) (mod Qn)-
i=1

Since Q, < Q, its elements are identities for A. It follows therefore that for any
substitution a,,---,a,€ A4, we have the equality:

dn
a‘” ver aa‘,. = z ¢,(0')Mi(a1, teey an), [ NS Sn'
i=1

With this preliminary we prove
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THEOREM 5.1. Let A,B be two Pl-algebras over a field F, then AQ B isa
Pl-algebra.

Proor. Let {d,} be the sequence of co-dimensions of A4, {h,} that of B. By
Theorem 4.7 there exist real positive numbers k, [ such that for all n, d, < k" and
h, < I. It is well known that there exist n such that k" - I* < n!, hence d,, - h,< nl.

We prove that for this n, A ® ¢ B satisfies a non trivial multilinear homogeneous
identity of degree n.

Let M (xq, -, %), s My (xy,,X,) be d, monomials in x,-,X%, and
¢fo)eF, 1£iLd, oe8, such that for any substitution a,--,a,€A4
and 0 €S, we have a,, -+ a, = X% ¢p(0)M{a,, -, a,). (See the previous remark,
(iD)).

Similarly, let Ny(xy,+,X,), =", N} (x4,--+,%,) and ¥ (6)eF, 1 <j<h,, g€S,
be monomials and coefficients such that for any substitution b,,---,b,€B and
oeS, we have: b, -+ b, = X" . (0)N; (by, -, b,).

Let g(xy, -+, X,) = Xy e5,%%, *** X,, be any multilinear polynomial with arbitrary
coefficients {o,}. Let a,,---,a,€ A4, by,---, b, €B. Write

™) g(a,®by,-,a,® b,.)
= E cxa(aal ® ba'l) (aa',. ® bﬂ'n)

ogeSp

= Z aa(aa'l aa,,) ® (bcn ba',.)

ceSn

= T q (:21 ¢ (6)M ,.(a)) ® (j : Y (o)N j(b))

ge Sy

dy by
2 3 (I pmomn)M@ @ N

i=1 j=1 \ceSa
Consider the system of homogeneous linear equations X, s, ¢(0)¥(0)x, = 0 for
all i,j. This is a set of d,, - h, equations with coefficients ¢{o)y(¢) and n!unknown
indeterminates «,’s. Since d,, - h, < n!, there exists a non trivial solution {a,} for
this system. Clearly, (*) implies that g(xq, -, X,) = Zges, %X, = Xy, 1S @ NON
trivial identity for A ® ;B. QED.
COROLLARY 5.2. Let 0<d, h be any integers, and let n = n(d, h) be the minimal
integer such that (3.4°7%-3.4" 73" < n!
Let A, B be two Pl-algebras which, respectively, satisfy minimal identities of
degree d and h. It follows from Theorem 4.7 and from the proof of Theorem 5.1,
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that A ® B satisfies an identity of degree n. This integer n = n(d,h) is inde-
pendent of the special algebras A and B, and depend only on the degrees of
their minimal identities d and h.

Added in proof: By the same methods the following (more general) theorem
can be proved.

THEOREM 1. Let R be a commutative ring with an identity element, and let
A, B be two R-algebras satisfying proper identities over R, then A ® gB satisfies
a proper identity over R.

Amitsur [*] has shown that if 4 satisfies a proper identity over R, then it also
satisfies a multilinear identity with coefficients + 1 and 0. Thus A satisfies a proper
identity over Z (the integers).

Replace F by Z, F[x] by Z[x], spe{---} by Sp, {---} etc. For instance,
Vi(x) = Sp.{x,, -+ x,n] oeS,}and Q < Z[x] is the T-ideal of identities of 4 over Z.
There exist an integer r, 1 <r < n!, and monomials M(x),: -, M,(x) € V,(x)
such that M, .-+, M, span (over Z) V,(x) modulo Q. Let d, be the minimal such r.
{d,} is the sequence of codimensions of 4 (over Z).

Now, the whole paper can be read again with these new notations to get the
following result: for all n, d, < (3.4'"%)".

We can now prove Theorem 1:

This is done by following the proof of Theorem 5.1 until we get the system of
homogeneous linear equations

2 ool =0,

ceS,

now with integral coefficients. A reduced integral solution (which obviously
exists) for the system gives us the desired proper identity.
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