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ABSTRACT 

The following theorem is proved: if.4 and B are two Pl-algebras over a field F, 

then A | B is a Pl-algebra. 

Introduction 

Let F be a field, A and B two Pl-algebras (algebras satisfying a polynomial 

identity). The problem whether also A |  satisfies a polynomial identity has 

been open for some time 11, pp. 2283. Procesi and Small I-23 had proved that if 

B = F, is the algebra of all square matrices of order n over F, then A | fF ,  ~ A, 

is a PI-algebra. 

In this paper it is proved for arbitrary two PI-algebras A and B, that A @rB 

is indeed a PI-algebra. For this purpose we go "back"  to the free ring Fix] and 

the T-ideal Q of identities of a PI-algebra. We define the sequence of co-dimensions 

{dr} of O in F1-x]. A careful study of {dr} Shows that T-ideals in F1-x] are very 

large. As an application of the estimation of {d~} we have the theorem which 

asserts that the tensor product of two PI-algebras is again PI-algebra. 

1. Basic notations and definitions 

Let F be a field, {x} an infinite set of non-commutative indeterminates. Denote 

the free ring in {x} over F by Fix]. Let {Xn}, {y,} ~- {x} be fixed sequences of 

indeterminates. We denote by Vn(x) = Sp{x,~ ,.. x,  I cr e Sn} the n! dimensional 

vector space, spanned over F by the n! monomials x,l ... x,.., a e S,, where S, is 

the group of permutations of {1,...,n}. 

* This paper was written while the author was doing his Ph.D. thesis at the Hebrew Univer- 
sity of Jerusalem under the supervision of Professor A. S. Amitsur, to whom the author wishes 
to express his warm thanks. 
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Similarly, V,(y) = Sp{y~l... y,~. [ a �9 S,}. 

Let 1 < t < n. Put: 

= S p ( x , ,  . . .  = x,x 2 . . .  x , ~  a s,}, 
i.e, V(. t) is the (n - 1) ! dimensional subspace of V., spanned by those permutations 

a �9 S, which starts with at  = t. It is obvious that V, = V(,X)q) V,(2)@ ... ~ VJ "). 
Now, let 0 -< t < n -  1. We denote by Ut, t)(x) = V~t+l)(x)@ V~t+2)(x)@ ... @ 

V~")(x) the subspaee of V,(x), spanned by those monomials x,, ... x~., e � 9  

where a16 {1,.-., t}. We define also U~")(x) = (0). U(,~ is defined simi- 

larly. It is obvious that V~')| U~ ') = U, ('- t),that V, = U~ ~ and that U~t)(x) 

= Sp{x~,,... x~,. ] a �9 S, and a~ # 1}. 

It is well-known [1, p. 225] that if A is a PI-algebra over a field F, then A 

satisfies a minimal multilinear homogeneous identity 

f(x~,... ,xa) = 2~ %x,,,... x,,,~ 
a r  

in which the coefficient of the monomial x l ' "  xa is 1. We use this remark as a 

starting point for our considerations. 

Let 3 < d and let f (x l ,  .. ', xa) �9  be a homogeneous multilinear polynomial 

of degree d, in which the coefficient of Xa, "'" xd is 1. We write f(x~, "",In) 

=L(x,, ...,x,). 

DEFINITION 1.1. For any k, 2 _< k < d, let us define (by "decreasing" induction) 

a polynomial fk(xl, "",xk) as follows: 

fn(xl, "" , In )=f (x )  has already been defined. 

Let 2 -< k < d - 1 and assume fk+l(Xl, "",Xk+z) has been defined. Then gather 

in fk+ I(X) all those monomials which start with xl and write: 

fk+ 1(Xl, "'', Xk+ 1) = Xlfk(X2,'" ", Xk+ 2) -t- Uk(Xl, "" ", Xk+ 1) 
(1) where Uk(Xx, "",Xk+ O �9 Uk+ z(-g). This relation defines fk(Xx, "", Xk). 

NOTE. The proof (by induction) that the coefficient of the monomial Xl , ' "  xk 

in fk(Xl, '", Xk) is 1, is trivial. 

An ideal Q ~ Fix] is T-ideal if o(xa , ' " , x , ) �9  and h l , . . . , h , � 9  implies 

that o(hl , '" ,  h,) �9 Q [1, pp. 233-235]. 

DEFINITION 1.2. Let fz, "",fd be as in Definition 1.1. For 2 < k < d  we denote 

the T-ideal generated by fk(Xl, "", Xk) in Fix] by p(k). We also write 

P(k)n V,(x) = P~,~)(x) = v (k) - - n  �9 
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DEFINITION 1.3. Let 2 < k < d, 0 < l < n. We define p(k) p(k)C p~k), to be . . . .  l ,m  "t l n - -  

the sub-vector space of P~) spanned by all polynomials 

h ( x l , . . . , x , )  = a X ( a l , ' " , v D b  which satisfy: 

(1) a,b, g l , ' " ,gk  are monomials in some of the indeterminates xl, . . . ,x , ,  and 

g l ,  " " , g k  ~ 1 .  

(2) afk(gl,'",gk)b is homogeneous multilinear of degree n in xl, .-.,x,. 

(3) None of xl, "", Xz is a left divisor of any of the monomials gl, "", gk. 

If  x is a left divisor of a monomial g, we shall also say that g starts with x 

(from the left). So (3) means that: 

None of g l , ' " ,  gk starts with any of x~,..., xv 

If  there is no such gl,  "",gk, we shall write P}~) = (0). In fact we prove 

LE~r~IA 1.4. I f  n < k + l, then p(k) _ , , ~  = ( o ) .  

PROOF. If  afk(gl, "",gk)b is a generator of p(k)t.~, then by Definition 1.3, (2), 

g~, "",gk start with k different x~. But, by (3) they cannot start with x~, . . ' ,xv  

Hence n - l > k or n > k + l. 

Therefore, if n < l + k, there are no generators and o(k) _ , .  = ( 0 )  

We note also that it follows from Definition 1.3 (3) that if 

Q.E.D. 

1 < I' then 

p(k) c O(k) 
1, n - -  a t l .n  ~ 

Let H be a T-ideal in Fix] and let 0 < n be an arbitrary integer. DEFINITION 1.5. 

The integer 

V.(x) 
d. = dimvH 

c~ V ' . (x )  

will be called "the co-dimension of order n of H " .  {de} is called "the sequence of 

co-dimensions of H " .  

DEFINmO~ 1.6. Let 0 < 11 , ' " ,  la-a be any integers. Write 

d - 3  

W(ll, ..., Is_a, n) = W(l, n) = ]~ P~a-nU)(x ) + e(na)(x). 
t t = l  

We define a natural number a(ll, ..., la-s ,n)= a(l,n) as follows: 

d - 3  

a(l, n) = dime V, + W(l, n) V, + ~ p~a.~,) + p~a~ W(I, n) = dime u = 1 
d - 3  
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For  1 < t < n we also define: 

a~~ n) = dimr 

A. REGEV 

V~ t) + U~ ') + W(I, n) 

U(,, t) + W(l, n) 

REMARK. The correspondence xi--*y i, i = 1 , . - . ,n  induces an 

: Vn(X ) ---,, Vn(y ). Since pCk) is a T-ideal, it follows that 

r ) = p~k)(y). 

Israel J. Math., 

isomorphism 

Therefore  the integers d,, a(l, n) and a(~ n) are independent  of  the special 

sequences {x~} or {y~} used in the definition. 

NOTE. We are interested with the co-dimension d~ = d i m / "  + P~nd) 

It  can be said, roughly, that the integers a(ll , . . . , la_3, n ) = a(l,n) form a 

lexicographically ordered way which enable us to pass f rom the commutat ive case 

to that  of  arbi trary identity of  degree d. Note  that the p roof  of  Lemma 1.4 implies 

a(n - 2, . . . ,  n - 2, n) = d,, and similarly, 

a(n,. . . ,  n, n) = d~. 

Our  " g u i d e "  in the lexicographic way is 

LEM~VlA 1.7. a(l, n) = ~ a(t)(l, n). 
t = l  

PROOF. We have the following chain of  vector spaces: 

V, = U(, ~ = U(~ ~ + W(l, n) ~_ U(, ') + W(l, n) ~_ ... ~_ U~ ") + W(I, n) = W(l, n). 

Hence,  by using the fact that  U~ t- 1) = V(,)• U(o, we get: 

a(l, n) = dim~ V,, + W(l, n) _ ~ dim~ V~'- ') + W(I, n) 
W(l, n) t= 1 U~ W W(l, n) 

dimr V~t)+, U(,,~ W(I, n) = ~ act)(/, n) 
t = 1 U~ + W(I, n) e=l Q.E.D.  

REMARK. Let  0 < Ix < "'" < la-3 =< n. I f  n - 2 < l~, then p~a,:v) = (0). To  show 

this, note  first that  v < d - 3, hence 3 < d - v. Since n - 2 < lv we have: 

n < 3 + n - 2 < d -  v + lv which, 

D ( d -  v) by Lemma 1.4 implies ~tv,n = (0). 

Hence, if n - l < l ~ ,  we can replace Iv by n - 2 = h v  without  changing 

- - , - 2 , ,  = (0). Thus we introduce the following 
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DEFINXTION 1.8. Let  lo = 0 < ll  < "'" < ld-3 < n and wri te  (l~, . . . ,  la-3) = l. W e  

define the sequence h(l) = (h i ,  "" ,hal-a)  as fol lows:  I f  Id-3 < n -- 2, pu t  h(1) = I. 

I f n  - 1 < ld_3, let v be the  index (1 < v < d - 3) such tha t  1,-1 < n - 1  < l~ and  

set:  h 1 = l l , . . . , h v _ l  = I~_1, h~ = . . . .  ha-3 = n - - 2 ,  

Obviously ,  h~ < ... < hd-3.  Moreove r  we have 

PROPOSITION 1.9. Let  lo = 0 < Ix < "'" < ld-3 < n, and  let 

Then 

h = h(l) = (h 1, . . . ,  ha_a). 

a( l l ,  "" ", la- 3, n) = a (h l ,  . . . ,  ha_ a, n). 

PROOF. By Defini t ion 1.6 we have to show tha t  

a - 3  d - 3  
]~ o ( d - . ) _  ~., p ( d - . )  

" t l ~ t , n  - -  htL,n " 

/ l = l  t t = l  

If  ld_ 3 ~ n -- 2 then l = h(1). Suppose  n - 1 =< ld_ 3 and  let l~ - t  < n - 1 _< I r  

Then,  by Defini t ion 1.7, h .  = l. ,  1 _-__ # --- v - 1, h .  = n - 2, v ___/~ =< d - 3. Hence 

v - I  v - I  

Z p (d - . )  Z p (d- . )  
l u , n  ~ h u , n  �9 

~u=l ~=1  

Moreover ,  by  the preceding r emark  

d - 3  d - 3  

hence 

p(d-u)  ~ p(d-u) 
z ~  = h . , .  = ( 0 ) ,  

I t = V  I ~ = V  

d - 3  d - 3  
p <d-.) ~ pCd-.) 
at l u ,n ~ h ~ , n  

/ t = l  u = l  

2. Raising commutativity 
NOTATION. Let  M ( x )  = x ,~ . . .  % .  ~ V , ( x )  be a monomia l ,  and  let 0 < k <_ n - 1. 

n - k o f  the indices a v satisfy av > k + 1, and  we denote  them by/~1,/~2, "" , /~,-k 

according to the order  of  their  appea rance  in M ( x ) .  We denote  the other  x,v, with 
t 

a ,  < k, by  x~, according  to their  places after  the x , j s .  W i t h  this no t a t i on  we 

factorize M ( x )  into n -  k + 1 b locks  which---except  the first o n e - - s t a r t  with 

some % , :  

M ( x )  = (Xo, "" Xo,o)(Xu~Xla "" x l  ) ' " ( X u  Xs, "" Xs, ) 

where s = n - k, {%1, . - . , x , , }  = {Xk+l, "",X,} and 

(Xol, ... ,  Xo,o, . . . ,  . . - ,  = 

Q.E.D.  
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Note that {01, "", 0, o} might be empty, in which case we shall write Xo,'"Xo,o = 1 

and M ( x ) =  1 (xulxl~ ... XL1)" ' (X ,X , ,  "'" X, , ) .  Note also that some of the ri's 

might be zero. 

If k < n - 2, we correspond to M(x) the sequence of s - 1 = n - k - 1 integers 

q(M) = (rl, r2,..., r,_ 1). 

NOTE. The sequence q(M) "measure"  the obstruction to x,, ,  ...,x~,=_~ to form 

a "connected"  product x,1-., xu,_~ in M(x). Hence we did not include the ends 

ro and r, in q(M). 

The collection of all such sequences is partially ordered by the lexicographic 

order: 

( r l , ' " , r~- l )  < (h,  "", t~-l) if there exist 1 < v < s -  1 such that 

r 1 = t l ,  . . . ,  r v _  1 ---- t v_  1 and r~ < t r 

THEOREM 2.1. Let 0 <- k <- n - 1 and let M(x) e V,(x) be a monomial. Then 

there exists c5 e F  such that M(x)=-fiN(x) (modP~2~)) where N(x) is a monomial 

of the form 

(*) 

where 

N(x)  = x, ,  ."  x . (xk+ 1"'" xn) % +  1"" 

. . . ,  = ( 1 , . . . ,  k}.  

PROOF. If  k = n - 1 then M(x) has the (*) form and there is nothing to prove. 

Suppose 0-< k-< n -  2. Then the proof  is divided into two steps. The first 

step, (a), is the reduction of q(M) into ( 0 )=  (0, .-., 0). The second (b), is the 

reordering of Xk+ 1, "", Xn into their natural order. 

(a) Assume q(M) > (0). We prove: 

There exist ~ ~ F  and a monomial R(x)e  Vn(x) such that q (R)<  q(M) and 

M(x) = ~ R(x) (mod p~2~). 

Write as before: 

M(x) = (Xo, ... Xo.o)...(x~xs 1 ...xsrs), q(M) = (rl, "",rs_l), s = n - k. 

Since 0 < q(M), there exists 1 < j < s - 1 such that q(M) = (rl,-..  , r j, O, . . . ,  0), 

r / r  0. Let a(x) = (Xol "" Xo. o)''" (x_~xj_l~ ""x j - l . l_ l )  be the first j blocks in 

M(x), and let 

b(x)=x~j .~x , : .3 . . . x ,~_ l (x ,x~V. .x~ . )  be the last s j 1 blocks. 
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Notice that i f j  = 1, then a(x) = Xo, "" x % .  I f r  o = 0, a(x) = 1. Note also that if 

j = s - 1, then b(x) = x s l . . . x s r .  

We can now write: 

M(x)  = a(x) (x ,~xj , . . .  x j . j )x ,~,  ib(x). 

Let R(x) = a(x) x,.j. ,(x,  x~,. . ,  x j . j )  b(x) be the monomial derived from M(x)  by 

permuting the two blocks gl = x , jx j ,  ... x3.j and #2 = x~j+1. 

Obviously, q(R) = (r l , . . . ,  r j_ 1,0, r j ,0 , . . . ,0) .  (If j = s - 1 then q(R) = @1' 

�9 .., rs_2,0)). Hence q(R) < q(M). 

Now, f 2(u, v) = uv - ~ v u. Therefore we can write: 

M(x)  - o~R(x) = a(x)f2(xujxj~.., x j .?  xua+,)b(x). 

9~ = uuj"" xjrj and 92 = xuj+x starts with x~  and xuj.~. 

Since #j, #j+l > k, #1 and 92 do not start with any of xa, "",Xk, and therefore 

M(x)  - ~ R(x) = a(x)fz(gt, 02) b(x) �9 -k, , .  p (2) 

We continue this procedure successively on R(x) until we have fl � 9  and a 
- ~ ( 2 ) - ~  monomial S ( x ) � 9  V , (x )  such that M(x)  - f l S ( x ) ( m O d g k , n )  and q(S) = (0). 

Therefore 

S(x) = x,~.. .x, j(xo~.. .xo,_~)x,s § x** where {~1,"',  zk} = {1,..., k} 

and {P l , ' " ,  P,-k} = {k + 1 , ' " ,  n}. 

(b) Let S(x) be as above and let T ( x ) =  x, , . . .x ,s(xp, . . .xp,§247 ~ 

�9 .. x,~ be a rnonomial derived from S(x) by permuting two neighbouring variables 

in the block xp~ ... xp._~. We shall show that S(x) -- ~ T(x)  (modP~Z,)). The proof 

is similar to that of part (a): 

Write: 

a(x) = x~l ... x~xm ... Xp,_ l, 

b(x) = xp~+~...xp._,x,,§ 

Then: S(x) - a " T(x) = a(x)f2(xo~ , xo~ § �9 p~2) 

and S(x) =- aT(x)  (mod P(')~ Jtk, n .I, 

We apply this procedure in succession and reorder xo~, ..., xp,_~ to their natural 

order Xk+ I""X , ,  SO that we have 7 �9 F such that S ( x ) -  ~, N(x) (mod pr where k,n l 

N(x)  = x , , . "  x,~(xk+ l " "  x,)x,~+ ,""  x ,  k. 

Combining (a) and (b), we conclude that there exists 6 � 9  such that M(x)  
= 6 N(x)  (mod p~2,)) with N(x)  as above. Q.E.D. 



138 A. REGEV Israel J. Math., 

Let 0 < k-< n ,  1 and let 0 denote the one-to-one linear transformation 

induced by the correspondence: Yl  --* x l , ' " ,  Yk ~ Xk and Yk+ 1 ~ (Xk+ i " "  X,): 

O: Vk+ ~(y) ~ V , (x ) .  We can now re-write the preceding theorem in the following 

way: 

THEORE~ 2.2. Le t  O < k <_ n - 1 ,  then 

(2) 
V, (x )  = O(Vk+ i(Y)) + Pk,,(X). 

PROOF. Obviously, V, (x )  ~_ O(Vk+ l (y) )  + P~2,~(x). 

The inverse inclusion follows from Theorem 1.1 and the fact that 

N ( X ) = X ' ~ ' " X ' ( X k + I " " X " ) X ' j + I ' " X ' k  ~O(Vk+I(Y))" Q.E.D. 

3 .  R e e u r s i v e  e s t i m a t i o n  f o r  a(l, n) 

Let 1 < t < n. We shall use the short notation 

(~,) = ( x ,  . . . ,  ~,,..., x, )  = ( x , . . . ,  x ,_  1, x,+ 1 , '" ,  x , ) .  

Let V,_,(Y:t)  = Sp{X, l  . . . x , . _ ,  ]{a,, . . . ,a ,_ ,}  = {1, . . . , t  - 1, t + 1,-.. n)} denote 

the (n - 1)! space spanned by all (n - 1)! multilinear monomials in (:~t)- Let q5 be 

the isomorphism induced by the correspondence 

Yl  "-~ Xl ,  "" ,  Y t -1  ~ X t - 1 ,  Yt -~ Xt+ l,  "",  Yn-1 "9 Xn. 

Write: 

r = e}~2-1(:~,),. r  = p,(d)_, (x,)." 

i t  can be shown that p(k) x(:~t) is the subspace of V,_ i(~t), generated by 0 and l ,n--  

by all polynomials ark(g1, . . ' , gk )b  where: 

(1') a, b, g l ,  " " ,9k  are monomial in (xt) and 91, "",gk ~ 1. 

(2') afk(gt ,  . . . ,  9k)b is homogeneous multilinear in (:~t). 

(3') None of the 9i's starts with any of the first l xi's from the sequence 

X1, " " ,  .'.fC D . . ., X n. 

NOTE. these first I x ' i s  are xl,  ...,x~ in case l < t, and x l ,  " " , X t - l , X t + l ,  "",Xl+l 

if t < l .  

Since r is an isomorphism, we can write for 0 < 11 < "'" <= Id-s < n -- 1. 

d - 3  
p ( a - . )  r ) ~  (d) ^ 

V . ,  I (xt) + Z ~ t , , , -  l~ t, + P , -  l (xt)  
a(l,  n - 1) = dimv u = 1 

d - 3  
]~ (d -u)  ~ (d) - 

Pl , , , , - l (2 t )  + P ~ - l ( x , )  
U,=I 
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V(,O(x) is the subspace spanned by all monomia l s  x~, ... x,~ = xtx~2.., x ,  where 

o- 1 = t. Hence (o-2,'",trn) is a permuta t ion  of  (1, .- . ,  ~,.-., n), therefore 

x~, .-" x~. E V,_ l(2t). Hence V(~')(x) = x tV ,_  t(2t). 

Fo r  the spaces p(k) (d) P ,_  i(xt) we - t  , -  l(2t) and have 

LEMMA 3.1. Let 0 <= k, l, n be any integers and let 1 <_ t <_ n. Then 

x p (k) "~" p[k)(x) and (i) , l .- i txo - 

(a) ~ p~a)(x ) x tP , -  l(x,) 

_ p ( k + l ) ,  . (ii) xf~k--)l.~- l(2t) c , -  1,,iX) + U~O(x). 

P(*) "*"  (0), there is nothing to prove.  Hence  assume that  PROOF. (i) I f  t , , -  ltxt) = 

afk(gl,'" ", gk)b ~ --z,,P(*)- it~iJrr ~ is a generator.  We show that  x~afk(gl,'" ", gk)b ~ Pk,(x).  

Clearly xtafk(gl, ..., gk)b is homogeneous  multi l inear in Xl, "",Xn. Xfl, b ,g  1, "", gk 

are monomia l s  and g ~ , . . . , g ,  ~ 1. Therefore  we have to show tha t  g l , ' " , g ,  do 

not  start  with x t , - . . ,  xv I t  is given that  g~,- . . ,  gk do not  start  with the first l x / s  

f rom (xl ,  "",2~, . . . ,x , ) .  I f  l < t, these are xi ,  . . . , x l - -which  was to be proved.  I f  

t <= l, these are x~, . . . , 2 ,  . . . ,xl+ ~. But xt does not  appear  at  all in the gi 's,  hence 

they do not  start  with x~, . . . ,xl+ 1 and, in part icular ,  not  with x l ,  " " , x v  

The inclusion xtp}k. 2_ X(2t) --C --l]O(k)(~'~nk "~) follows by similar arguments .  

(ii) Suppose o(k) - - t -~ , , - l (2 t )  r (0) and let afk(g~, "", gk)b ,,(k) E t" t _  1 n- 1 (Xt) be one of  

the generators.  As before, this means  that  the #~'s are monomia l s  r 1 in 

x 1, . . . ,2  t, ...,x,,, which do not  start  with xl ,  "" ,x t -1 .  Since xt does not  appear  in 

the gi's, #~,...,#~, can be considered as monomia l s  in x~ , . . . , x ,  which do not  

start  with x~ , . . . , x  r 

By Definition 1.1 we have for  any non-commuta t ive  indeterminates 

y ' s :  fk+ 1 (Y l , " ' ,  Yk+ 1)Y = Yl fk(Y2, '" ,  Yk+ 1)Y + uk(YD"' ,  Yk+ 1)Y 

(1) 
where Uk(Y l, " ", Yk + 1 ) E Uk+ l(Y)" Specialize now (Y l, "", Yk+ 1, Y) ~ (xta,g l , '" ",Ok, b) 

to have the equality 

fk + i (xf l ,  g 1, "", gk)b = x, afk(g 1, "", gk)b + Uk(Xta, g 1 ," ' ,  Ok, b). 

Now,  uk (y l , ' " ,  Yk+ i) ~ Uk(l+)l(Y) implies that  Uk(yl,"" , Yk+ 1) is a sum of  monomia l s  

in y~, "",Yk+~, none of  which starts with y~, hence it starts with some yj, 2 < j .  

Therefore  Uk(Xta, gl ,  ..., gk) is a sum of  monomia ls ,  each of  which starts with one 

of  the gi 's.  Since gl ,  "",gk ~ 1 and they do not  start  with xl ,  . . . ,xt ,  it follows that  
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none of the monomials of Uk(Xta, g l ,  " " ,gk )b  starts with any of x l , ' " , x t .  Since 

obviously Uk(Xta, g l , ' " , g k ) b  ~ V~(x) we have that Uk(Xta, g l , . . . , g k ) b  ~ U~O(x). 

To show that f k+t (x ta ,  g l ,  (k+l) �9 . . , g k ) b e P t _ l , , ( x ) ,  notice that it is a multilinear 

homogeneous polynomial in xl,  ..., x,, that 1, b, xta,  g l ,  "",  gk are monomials and 

that xta,  g l ,  " " , gk  r 1. Hence we have only to show that none of x~a , g~ , . . . , g k  

starts with any of x l , - " , x t -~ .  This is obvious since we are given that the g /s  

do not start with xl,  .-.,x~ and x~a do not start with x l ,  . . . , x t _  1. 

Finally we have: 

xtafk(g 1, "" ,  g~)b = fk+ l(x,  a, g 1 , " ' ,  gk)b -- Uk(Xta, g 1, "", gk) b e 

n ( k +  1 ) /  \ - -  U~t) (X)  
E r t _ 1 ,n~. x )  -I- 

Q.E.D. 

In the following Lemmas 3.2, 3.4 and 3.5 we shall constantly use the following 

trivial: 

REMARK. Let C c B _~ A be three finite dimensional vector spaces. Then 

A + B  A + C  
dim - - - - - -  __< dim - -  

B C 

LEMMA 3.2. Le t  lo = 0 < 11 < "'" < la-3 < n and  let Iv-1 < t f o r  some  
l < _ v < _ d - 3 .  Then 

a(~ "'', I v , ' " ,  la-3, n) < a ( l l , . . . ,  I v_ 1, t - 1, Iv+ 1 , ' " ,  la-3,  n - 1) 

PROOF. Since xeV ,_  1(2t) = V~~ it is obvious that left multiplication by x 

induces isomophorphism of V,-I(Yce) onto V(/)(x). Use this isomorphism to 

deduce the following equalities: 

a = a ( l l , . . . , I v + t , . . . , l a _ s , n  - 1) 

Vn_ 1(21) + E p (a - , )  r~. ~ + p(a-v)  
= diml~ "Cv 

~, p(a-~) t'v'l n(a-v) r~-, (a) . 
t,.n-l~..~v + r t - l , . - l l X t )  + P n - l ( x t )  

uCv  

+ xtPl . ,n-  l(Xt) + x t P t -  1.n- l(Xt) + XtPn- t(Xt) 
= dimv u*~ . . .( .)  

~, { d - u )  - .(d) 
XtPl , .n- l (x , )  + xtp}a--~,~-1(2,) + x t c , - 1 ( 2 t )  

U -TS v 

By Lemma 3.1. we have: 

(i) ~, (a- ,)  ~ P(a-u)(x)  and x, P z ~ . - l ( x , )  ~- E l. . .  . .  
u@v u ~ v  

x p(a) r162 ~ c p(a)(x) 
t n - -  l \ " l ' ~ J  - -  
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(ii) 

By assumption, l~_a < t - 1, hence: 

(iii) p(a-{~- 1))(x ) ~ p(a-(~- 1))tx ~ 
~ t - l , n  - -  l v - l , n  \ 7 - -  

Therefore: 

I D E N T I T I E S  I N  A (~) B 

x,P~ _ i , -  a(x,) = + - -  a t  - -  1 , n  \ ~ 1  

p(a-u) 
l,.,. (X). 

t t - ~ v  

d - 3  
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x,Pt_l,._l(xt) c Z + U~tI(x) c Z p(d-u) H(t) 
- -  a l v , n  k "~'2 - -  l u . n  -~- v n  �9 

/t  =/= v t ~ = l  

Now, (i)--(iii) imply that the denominator in (*) is contained in 

d - 3  

Z p<a-.) + p(a) + U(o 
l~,?;  - - n  " 

U = I  

Hence it follows by the preceding remark that 

d - 3  

V~ O + U~ ~ + X p(a-u)l,,, +Pea) 

a > dim v , =l = at~ "", In-3, n). 
d - 3  

U~,) + ~., p(a-u) p(,a) l~, + Q.E.D. 
t t = l  

Let t < n - 1. The correspondence 

Yi ~ x l , " ' , y t _ l  ~ xt-1, yt ~(x t+l  . . .x,)  induces a monomorphism ~: Vt(y) 

V,_ 1(:~,) of Vt(y) into V,_ 1(:~3. Let q: V,_ l(~t) ~ V~~ denote the isomor- 

phism obtained by left multiplication by x,, and let ~ = r/o~. With this notation 

we have 

L~MMA 3.3. 

(1) r + + 

(2) r ~_ V{~'(x) and r ~_ V(f'(x). 

PROOF. (1) Theorem 2.2 asserts that 

V.(x) = o(v + + ek..(x). 

Take n - 1 instead of n, t = k + 1 and ~ instead of 0, to conclude that 

p(2)  V._ l(~t) = ~(Vt(y)) + - , -  1 . -  ~(~t). 

Multiply both sides by xt and use Lemma 3.1, (ii) to get 

(3) V~')(x) ~ ~(Vt(y))  + Pt-1, . (x)  + U~t)(x). 

(2) Assume p}k)(y) # (0) and let afk(O~,'", o,)b be one of its generators. We show 

that 
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~(afk(g l, " ' ,  gk)b) = Xt~(a)fk(~(g l), ..., ~(gk))r ~ P},k,)(x). 

Denote d = ~(a), b = ~(b), gi = ~(g,). It is obvious that xfifk(~a, "",gk)D eP(,k~(x) 

and g l , ' " , gk  r 1. Hence we have to show that none of~l ,  "",g,k starts with any of 

X1,  ""~ XI, 

By assumption, p}k](y)#(O), hence l + k < t .  Since 2 < k ,  l < t .  Hence 

~: (Yl, "", Yt) ~ (xl, "", xt). 

Since the g:s do not start with y~,... ,  Yt, it follows that the ~ ' s  do not start with 

xl , . . . , xz ,  which was to be proved. 

The inclusion O(p}k)(y)) _ P~) (x )  is obvious .  Q.E.D. 

LEMMA 3.4. Let 0 < 11 < "" < la-3 < t <= n - 1, then 

am(ll ,  "", la-3, n) < a(ll, ..., ld_3, t). 

PROOF. Let ~ = t/o r be the above monomorphism. By Lemma 3.3 and the 

Remark which preceded Lemma 3.2 we have: a = a(l, t) 

d - 3  

V,(y) + 2 P}.~-~U)(y) + p}d)(y) 
= dimF , = 1 

d - 3  
~, o(d-u)r, -~ ~l,,t t.r: + p}a)(y) 

/L=I  

dimr 

d - 3  

~b(Vt(y)) + ]~ 
U= i  

(d -u )  0(Pl,.., (Y)) + O(P)a)(y)) 

d - 3  

Z 
t t = l  

( d - u )  t~(Pl,,, (Y)) + ~k(P}d)(y)) 

d - 3  

~(Vt(y)) + Z p(d-u)(~) . . . . .  0,  + P(.")(x) 
__> dimr . = 1 = b. 

d - 3  

]~ P}:.-U)(x) + P~d)(x) 
U = I  

Adding U~')(x) to both nominator and denominator and using the above Remark 

we have 
d - 3  

~(Vt(y)) + U~t)(x) + ~., p(a-,)lv.~ + p~a)(x ) lu n k'*/ 

b > dimF "= , = c. 
d - 3  

U~t)(x) + 2 P~d~.J')(x) + P~)(x) 
t z = l  

Now, ld-3 < t - 1, hencePt(_a)l,.P<[f_) ,., so that adding (a) P,_,.,,(x) + U~~ to 

the nominator does not change it. Therefore: 
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d - 3  

[~P(Vt(y)) + P~) l , . (x )  + U~~ + U~ 0 + Z *t,,~ v"q + P~a)(x) 
Ag g=l 

c = u~m e = 
d-3 

U~ ) + Z P}'~,~")(x) + P~a)(x) 
t~=l  

(by Lemma 3.3, (1)) 

> = dime 

d - 3  

v(.')(x) + + Z ._. + 
. a= l  

d - 3  
U~O(x) + Z P~a-.~')(x) + P~d)(x) 

,u=l  

= a(~ .-., Id_3, n)  Q.E.D. 

Let V.-z = V . - a ( X l , " ' , X n - 1 ) =  V , - I ( 2 . ) .  Clearly, left multiplication by x. 

induces an isomorphism of V . - I  onto V~")= x.V,_l(2.) .  By Lemma 3.1, (i), 
n(~) (k) p (d) p(a). x . r t  . -  i (2.)  g_ Pt. .(x)  and x . . _  1 (x.) ~- Using these remarks we can prove: 

LEMMA 3.5. Let  O <  ll < ' ' "  < la-3 < n, then a(") ( la , ' " , la-3 ,  n ) < a ( l l ,  

�9 . . , la_a,n  - 1). 

PROOF. 

a(l, n -- 1) = dim e 

d - 3  
+ X 

/1=1 
p ( d - • O  I~. "~ . (a) 

t . . , -  i ~ , J  + P , -  l (x , )  

d - 3  

z 
#=1 

p ( d - • )  [r ~ (d) ,,.,.- l ~ . J  + P . -  l (x . )  

Left multiplication by x, implies 

d-3  
V~n)(x) "t- Z xnP~a~u--)l(.~n) -I- "%'n~ D(a)_ l(.~n) 

a(l, n - 1) = dime "= 1 = a 
d--3 

x.Pt , , . . -  l(x.) + * . * . -  1(s L a  

tz=l  

Use the preceding remarks and the fact that U(~)= (0). to obtain that the 

~,d- 3 p(a-,)(,.~ P~d)(X). Hence denominator of a is contained in U(,')(x) + ~ ,  = 1-1.., ~ + 

d - 3  

a(l, n - I) > dim v u = 1 
d - 3  

U(")(x) + Z P~d-.")(x) + P~a)(x) 
U=I 

= a")(t ,  n) Q.E.D. 
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As a corollary to Lemmas 3,2, 3.4 and 3.5 we have the following recursive 

estimation for the integers a(l, n): 

THEOREM 3.6. Le t  lo = 0 < 11 <- "" < ld-3 <= n -- 2. T h e n  

a( l~ , . . . ,  la- 3, n) 

d -  3 Iv 

< E ~ a ( l l , ' " , l ~ - l , t -  1 ,1v+l , . . . , Id_3 ,  n -- 1) 
v = l  t = I , , -1  + 1 

n - 2  

+ E a ( l~ , . . ' , I d -3 ,  t) + 2 a ( I 1 , . . . , l ~ _ 3 , n  -- 1) .. .(**) 
t = l d - 3 + l  

REMARK. I f  1~-1 = l~ then the summand ~t~ t= l~_~+la( l l , " . , l~_ l ,  t - -  1, 

lv+ 1 , ' " ,  Id-3, n -- 1) is empty and equal zero. In the same way, if ld_ 3 = n -- 2, then 

~-2 a(l  1, . . . ,  ld_ 3, t) = 0. Note also that each summand in the right side of  ~l=[d-3+ 1 
the inequality is of  the form a(sl ,- .- ,  Sd_3, k) where 0 _< s I = ... ~ Sd_ 3 ~ k <- n -  1. 

PROOF OF THEOREM 3.6. By Lemma 1.6 

a( l ,n )  = ~ a(O(l,n) 
t = l  

d -  3 l~ 

= 2 2 a (~  + ~ a(~  . . . (1) .  
v = l  t = l v - l +  1 t = l d - 3 + l  

In the summand ~t~ a(O(l, n) we can apply Lemma 3.2 for lv_ 1 < t < l~ to t = l v - l + l  

get: 

l,, I~ 

a(~  < ~ a ( l l , ' " , I , - 1 ,  t -  1 , /v+ l , ' " ,  l d -a ,n  -- 1) 
t = l v - l +  l t = l , , - l  + l 

so that:  

d~ 3 Iv d -  3 Iv 

Z a(~ n) <= E Z 
v ~ l  t = l v - l + l  v = l  t = /~ , - t  + 1 

Write: 

a(~ n) = 
t = l d - 3 +  l t = l a - 3 +  l 

For  ld-3 < t < n -- 1 we apply Lemma 3.4 so that 

n - 1  n - 1  n - 2  

Y. a(t)(l, n) <-_ ~ a(l,  t) = 
t = I d - 3 +  l t = l d - 3 +  l t = l d - 3 +  l 

a ( l ~ , . . ' , l v _ l , t  -- 1, l v+l , . . . , Id_3 ,  n -- 1). 

n - 1  

a(~ n) + a(n)(l, n). 

a(l ,  t) + a(l,  n - 1). 

Note that since we assume Id_ 3 < n -- 2, the first summand may be empty, but 

the last summand a(1, n - 1) will always appear. 
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Finally, we use Lemma 3.5 to obtain a ~") (l, n) < a(l, n - 1). It  follows therefore 

that 

n - 2  

a(~ n) < ~ a(l, t) + 2a(l, n - 1) ... (3) 
t = l a - 3 +  l t = I d - 3 +  l 

The Theorem now follows f rom (1), (2) and (3) Q.E.D. 

4. Numerical estimation for a(l, n) 

Since dimv V1 = 1, it is obvious that  for any integers 0 < I1 < "" < la_ 3 < n 

we have a(1, 1) < 1. In  particular, a(0, . . . ,  0, i)  < 1. 

In  order to be able to get an estimation for the ingers a(l, n) we define by 

induct ion another  set o f  integers A(l, n), for which we shall be able to estimate 

(**) o f  Theorem 3.6. 

This is done as follows: 

DEFINITION 4.1. Let 1 < n and let lo = 0 < I 1 < ... < Id-a < n. Define by 

induction on n the integers A(lx, ..., Id_3, n) as follows: 

1) Let n = 1 and let 0 < I i < ... < In_ a < 1. Define A(ll ,  ..., la_a, 1) = 1. 

2) Assume that  for any t < n - 1 and a sequence 0 < sl < ... < sa-a < t, the 

integers A(sa, . . . ,sa_a,t)  have been defined. Let O< 11 < "" <la-a  < n  and 

define A(ll ,  ..., la_a,n) as follows: 

Case I. Let I d_3 < n - 2 .  Put  

d -  3 lv 

A( l l , . . ' , l a -a ,n )  = ~ ~ A ( l i , ' " , I v - l , t -  l ,  l v + l , ' " , l a - a , n - 1 )  
v = l  t = l ~ - l + l  

/ / --2 

+ ~ A( l l , . . ' , I d_a , t )+2A( la , . . . , I d_a ,n  - 1) 
t = / d - 3 + 1  

and note that  each term is given by induction. Note  also that  some of  the summands  

EfT'--iv- _ l+aA(/a, . . . , t - 1 , . . ' , l a - a , n -  1) and ,-,,=l~_3+ l ~ l V  Atlt,1, "", ld-a,t) may equal 

zero. 

Case II.  Let la-3 > n - 1. Let h(l) = (ha, "-', ha-a) be the sequence defined in 

Definition 1.8. A(hl ,  ..., ha-a, n) is now defined by case I and we set A(ll ,  ..., Id-a,n) 

= A(hl ,  "",ha-a,n).  

Estimation for A(l, n) is indeed an estimation for a(l, n) because o f  

PROPOSITION 4.2. Let 0 < I i < ... < ld-a < n then a(l, n) < A(I, n). 

PROOF. By induct ion on n. I f  n = 1, a(l, 1 ) <  i = A(1, 1). 
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Assume the proposi t ion is valid for all sequences 0 < sx < "" < Sd-3 < t < n. 

I f  I d_ a < n -- 2, use the inductive definition, case I - - o f  A(l ,  n ) - - a n d  apply Theorem 

3.6 to obtain a(l, n) < A(l ,  n). 

I f  Id-3 > n -- 1, use the sequence h(l). By Proposi t ion 1.9, a(h(1), n) = a(l, n) 

Since hd-a < n -- 2, it follows now that  a(h(l) ,  n) < A(h(1), n). Hence:  

a(l, n) = a(h(l),  n) < A(h(1), m)  = A(l ,  n). Q.E.D.  

LEMMA 4.3. Let  lo = 0 < 11 < "'" < Id-3 < n -- 2, then 

A ( l , n )  < 3 X A ( l l , . . . , l v _ l , t  - 1,1~+X,'" ,Id_3,  n -- 1) 
L v = l  t = l v - t  +1 

I .  3+1 ] 

+ ~ A ( l l , . . . , l a _  , , t - l , n - 1 )  = B  ... (*) 
t=Id - , l+  l 

PROOF. Denote  the right side o f  (*) by B, and note that  B can also be written 

as follows: 

B = 3  Z 
v t = l ~ - l + l  

A ( l l , ' " , t  - 1 , . . . , l~_3,  n - 1) + A( l l ,  . . . , l d_a ,n  -- 1 ) ] .  

We prove that  A(l ,  n) < B, using the second form of  B. 

Since ld-a < n -- 2, we can use Case I o f  Definition 4.1, so that  

d - 3  Iv i 

A ( l , n )  = ]~ ]~ A ( l x , . . . , l v_1 ,  t -  1, l v+t , . . . , Id_a ,n  -- 1) 
v = l  t = l v - I  + 1 

11-2 

+ ~, A( l  1, ..., Id_a, t) + 2A( l l ,  "", ld_ 3, n -- 1) = ct + fl + 2?. 
t = l d - 3 +  l 

= Et=l~_3+lA(l , t )  = 0, so that I f  ld-3 = n -- 2, the second summand  fl is zero:  fl /1-2 

A(1, n) = e + 27 < 3(e + 7) which was to be proved. 

I f  ld-3 < n -  3, the integer ? = A ( l , n -  1) is also given by Definition 4.1, 

Case I - - b y  substituting n -  1 for n. Hence 

d -  3 l~ 

? = A(I,  n - 1) = ~ 5~ A ( l l , . . . ,  t - 1 , . . . ,  I d_ a, n -  2) 
V=I t = l v - l + I  

/1--3 

+ ]~ A(I1, . . . ,  Id_3, t) + 2A(11, ..., In_a, n - 2) = ct' + fl' + 2?' .  
t = l d - 3 + l  

Note  that  /3' + ? '  = ft. Hence 

A(I,  n) - ? = A(l ,  n) - A(I,  n - 1) = o~ + /3  + 2? - c~' - 13' - 27'  

= a - a ' + 2 7 - ? ' ,  so that  

A(l ,  n) = ~ - ~' + 3? - ? '  < 3(~ + ?). Q.E.D.  
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In the rest of this section we shall use the binomial coefficients = k [(n - k) ! 

to estimate A(l, n). 
We need the following properties of the binomial coefficients: 

a) I t i s w e l l k n o w n t h a t ( k ) + ( k + l ) = ( k + l l ) . +  

b) Let 0 < n, 1 be any integers, then by induction on l it follows that 

E~-'~ n+ = (n+ l + l)'Inparticular'since (n + l) n 

summands on the left side, it follows that (n + l ) < { n + l +  1) 
n = \ n + l  ' 

c) IfO<-k,l, nandk<l,  then(n+k) < ( n +  l) 

d) It is well known that ( 2 : )  < 4n for all 0 < n. 

LEM~ 4.4. Let l~, ..., l,, n be a set of non negative integers, then: 

,_1 ( n + l ~ ) ( n + l v - ~ ) ( n + l , l  (n+l ,+l )  ( n + l , )  
~=~ n n kn + l /  n n 

=< (n+n+ll~+l). . .(n+n+ll,+l) 

PROOF. Denote the left side of the inequality by q. We prove the lemma by 

induction on r. 
If r = 1, then, in fact, we have equality. Assume now the lemma is valid for 

r - 1. By using (a) and (b) of the previous remark we have: 

[(n (n ( 
Yl /i 

+,) 
n + l  
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n n \ n + l  / 

+ ( n + l l ) . . . ( n + l r - 1 ) ] }  n n + l  

= ( ( ~ 2 ( n + l l )  n k n + l ] " ' ( n + I r - l n  ) ]  

=< { (n+n l l  ++1 1) (n+/r_l+l)}n+l (n+/r+l)n+l by induction Q.E.D. 

THEOREM 4.5. Let 0 < l~ < ... <= la-s < n, then 

PROOF. By induction on n. If n = 1, then 

A ( I ' 1 ) = 1 < 3 < 3 1  ( l + l l ) ' " ( l + ;  1 

Assume that for any set of integers s~, ..., sa-3 such that 0 =< st =< "" _-< Sd-3 < n, 

w~ ~ave ~s~,..., ~ ,  o~ ~ ~'(n § s~t "'" (~ +s~-~ 1 . ~  

We show that under the induction assumption, if 0 _< It < "- < ld-3 < n + 1, 

then 

( n + l + l ~ )  ( n + l  + l a _ a )  
A(l,n + 1) < 3 "+1 .-. 

= n + l  n + l  " 

Case I. Suppose la_ 3 <__ (n + l) - 2 = n - 1. Using Lemma 4.3 (with the 
substitution of n + 1 for n) and the hypothesis of the induction, we have 

A(l l , . " ,  la_ a, n + 1) 

3 • 2 A(It, . . . , t  - 1, .", la-3,  n) + ~ A(l~,...,Id_4, t - 1, n) 
_ v = l  t = / v - l + t  

< 3 "+1 ~g n + l l  ... n 
L v = l  t =1~-1+1 n 

t = l d - 4 +  l 

Israel J. Math., 

+ I t+  1) 
n + l  
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3~+11 E n+l l  ... n+la-4 n + t - 1  + 
t=la-4+ l n n n 

)]( )(  1 ~, n + t - 1  n + l  1 n +  ~-a < 3n + . . .  n 

v = l  k l = l  n n 

3--1[ (n+',) ( .+' .4)n 

q- Iv+in ) 

= 3,+1[a~ 4 ( n + l l ) . . . ( n + / , _ ~ )  (n+/1,) ( n+/v+~)'''(n+la-a)] 
k v = l  n n -{- n 

-Jr 3n+l(nl- ll ) ""(n-t-~ ( n-l- ld-3 l 

=< 3~+1(n+11 + 1 ) ' " (  n + I d - 3 + l ) n + l  n + l  
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by property (b) of the binomial coefficients and by Lemma 4.4. 

Case 2. I fn  < la_ 3, then, according to Definition 4.1, A(l, n + 1) = A(h, n + 1) 

where h = h(1) satisfies hv < lv for all 1 < v < d - 3 and ha-3 < n - 1. Using 

Case I of this theorem and property (c) of the binomial coefficients we have: 

A(l,n + 1) = A(h,n + 1) = A(hl,...,ha_a,n + 1) 

=< 3n+1( n + h l +  1 ) n + l  . . . . . .  (n+ha-a+ 1)<3n+1( = n + l  ( n+la-3+l)n+l 

Q.E.D. 

THEOREM 4.6. Let dn be the co-dimension of order n of the T-ideal p(d) 
generated by the identity f(xl,...,xa)=fa(xl,..',xa). Then, for every n, 
dn < (3.4a-3)L 

PROOF. It was noted ( " N o t e "  after Definition 1.5) that dn = a(n, ..., n, n). 
Using Lemma 4.2, Theorem 4.5 and property (d) of the binomial coefficient we 

have: 

dn = a(n,..., n, n) < A(n,..., n, n) 

< 3"(n+n)'"(n+nn)=3''(2n)a-a<(3"4a-a)'n 
Q.E.D. 



150 A. REGEV Israel J. Math., 

THEOREM 4.7. Let  A be a PI-a lgebra  and let (he} be its sequence o f  co- 

dimensions.  Assume  that A satisfies a non trivial ident i ty  o f  degree d. Then,  f o r  

all n, h~ < (3.4a-3) ". 

PROOF. Let Q be the T-ideal of identities of A in F i x ]  and let 0 ~ f ( x ~ ,  ..., xa) 

Q be a non trivial homogeneous multilinear identity for A. Let p(a) denote the 

T-ideal generated by f ( x , ,  "",xa) (Definition 1.1), then it is clear that p(a) z Q. 

Let {d,} be the sequence of co-dimensions of pca). Then: 

V~ < dime Vn = dn. hn = dime Q----~V--~, = e(')th-----V~ 

Hence h n_-< dn for all n. Therefore, by Theorem 4.6, h n < d~ < (3.4 d- a)~ 

Q.E.D. 

5. Applications: existence of identities in A | B 

In this section we use Theorem 4.7 to show that the tensor product of  two 

PI-algebras is again PI-algebra. We begin with two 

REMARKS. (i) Let A , B  be two PI-algebras over a field F. The elements 

(ai | bil a, ~ A, bi E B} are linear generators of A |  B. Hence, if g ( x l , ' " ,  xn) is a 

multilinear polynomial in x,,  -.-, xn, then g(x) is an identity for A | e B if and only 

if for any sets a l , . . . , an ~ A and b l , . . . , bn e B, g( a 1 | b l , . . . , an | b~) = 0. 

(ii) Let Q ~_ F[x]  be the T-ideal of identities of a PI-algebra A, and let (de} 

be its sequence of co-dimensions. If we write Q c3 V n = Qn then, by Definition 

1.4 we have: d, = dime V~/Q~. Now, the n! monomials (x,~... x, ,  [tr e S,} span 

Vn, hence they generate also Vn modulo Qn. Since the dimension of V~ modulo Q~ 

is d~, there exist d~ monomials M l ( x l , ' " , X n ) , ' " , M d ~ ( X l ,  " ' , x~)  which form a 

basis for Vn over Qn. Hence, for any monomial x,l -.. x , .  ~ V~ there exist cbi(a) e F, 

i =  1,.. ',dn, such that: 

d. 

x , , ' . "  x,,, =- ~, (pi(a)Mi(Xl, '" ,  Xn) (mod Q~). 
i = ,  

Since Q, z Q, its elements are identities for A. It follows therefore that for any 

substitution a D . . . , a n e A ,  we have the equality: 

d.  

a , , . . ,  a~, = ~, dp,(tr)Mi(al,..., an), a ~ S n. 
i = 1  

With this preliminary we prove 
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THEOREM 5.1. Let A,B be two PI-algebras over afield F, then A |  is a 

PI-algebra. 

PROOF. Let {dr} be the sequence of co-dimensions of A, {hv} that of B. By 

Theorem 4.7 there exist real positive numbers k, l such that for all n, d, < k n and 

h, < l". It is well known that there exist n such that k" �9 l" < n!, hence d n �9 h , <  n!. 

We prove that for this n, A @ v B satisfies a non trivial multilinear homogeneous 

identity of degree n. 

Let Ml(xt, . . . ,xn), . . . ,Md.(xl , . . . ,x ,)  be d, monomials in x l , . . . , x  ., and 

4)i(a)~F, l < i < d n ,  aES, ,  such that for any substitution al , . . . ,an~A 
dn and ~r ~ S n we have a,l ... a,.  = •i=1 qSi(a)Mi(al, "", an). (See the previous remark, 

(ii)). 

Similarly, let Nl(xl , . . . ,  xn),..., Nh.(xl,..., x,) and $j(a) E F, 1 < j < hn, a ~ S, 

be monomials and coefficients such that for any substitution b~, ..., bn ~B and 

a c S n we have: b~ -.- b~. = X~"_- l~bj(a)Nj (bl, ..., bn). 

Let 9(xl, "-', xn) = ]~,~s.a,x,,'" x,. be any multilinear polynomial with arbitrary 

coefficients {~}. Let al, "",an e A, bl, " ' ,b,  e B. Write 

(*) '"  g (a t |  i , . . . ,a n |  ) 

= ]~ a,(a,, | b,,)... (a,. | b,.) 
~ E St* 

= X ~,(%... %)| (b,,... b,,) 
a~Sn 

dn hn 

= ,~s%(~=1 O'(a)M'(a')| Oj(a)Nj(b') 

= 2~ 2 ~gi(tX)t~j(ff)% M i ( a  ) | Nj(b). 
i = l  j = l  n 

Consider the system of homogeneous linear equations ~ , ,  s dPi(a)fj(~)o:o = 0 for 

all i,j. This is a set of dn" h, equations with coefficients q~(a)~kj(tr) and n I unknown 

indeterminates ~,'s. Since dn�9 hn < n !, there exists a non trivial solution {%} for 

this system. Clearly, (*) implies that g(xx,...,xn)= ]~,~s ~,x,~ ... x,.  is a non 

trivial identity for A | r B. Q.E.D. 

COROLLARY 5.2. Let 0 < d ,  h be any integers, and let n = n(d, h) be the minimal 

integer such that (3.4 d- a.  3.4,-a), < n! 

Let A,B be two PI-algebras which, respectively, satisfy minimal identities of 

degree d and h . It follows from Theorem 4.7 and from the proof of Theorem 5.1, 
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that A |  satisfies an identity of degree n. This integer n = n(d,h) is inde- 

pendent of the special algebras A and B, and depend only on the degrees of 

their minimal identities d and h. 

Added in proof: By the same methods the following (more general) theorem 

can be proved. 

THEOREM 1. Let R be a commutative ring with an identity element, and let 

A, B be two R-algebras satisfying proper identities over R, then A | RB satisfies 

a proper identity over R. 

Amitsur [*] has shown that if  A satisfies a proper identity over R, then it also 

satisfies a multilinear identity with coefficients 4- 1 and 0. Thus A satisfies a proper 

identity over Z (the integers). 

Replace F by Z, F[x]  by Z[x], spl ,{ '"} by Sp~ {...} etc. For instance, 

V,(x) = Spz{X~,... x~,la e S,} and Q c Z[x] is the T-ideal of identities of A over Z. 

There exist an integer r, 1 < r < n ! ,  and monomials MI(x) , '" ,M,(x)eVn(X) 

such that M1, "", M, span (over Z) V~(x) modulo Q. Let d, be the minimal such r. 

{dr} is the sequence of codimensions of A (over Z). 

Now, the whole paper can be read again with these new notations to get the 

following result: for all n, dn < (3.4d+a) n. 

We can now prove Theorem 1 : 

This is done by following the proof of Theorem 5.1 until we get the system of 

homogeneous linear equations 

Is = 0,  
a~Sn 

now with integral coefficients. A reduced integral solution (which obviously 

exists) for the system gives us the desired proper identity. 
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